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ABSTRACT
Marginal likelihood plays a central role in Bayesian model comparison and hypothesis testing, but its computation is often 
challenging in practice. This article reviews recent Monte Carlo methods that rely on the availability of Markov chain Monte 
Carlo (MCMC) samples from the posterior and prior distributions along with the corresponding unnormalized kernels that can 
be evaluated numerically. Within this scope, we summarize the strengths, limitations, differences, and connections of different 
methods. Two in-depth applications are presented to illustrate their relative performance.
This article is categorized under:
Statistical and Graphical Methods of Data Analysis > Monte Carlo Methods
Statistical Models > Model Selection
Statistical Models > Bayesian Models

1   |   Introduction

Marginal likelihood plays a central role in modern Bayesian sta-
tistics, providing a principled foundation for model comparison, 
hypothesis testing, and the evaluation of competing statistical 
frameworks. Unlike posterior summaries that focus solely on 
parameter estimation within a model, the marginal likelihood 
integrates over the entire parameter space, capturing the overall 
model fit while inherently balancing goodness-of-fit with model 
complexity. This property makes it a natural criterion for model 
selection and the cornerstone of Bayes factors.

Despite its importance, marginal likelihood estimation is no-
toriously challenging in practice. The required integration 
over high-dimensional parameter space is rarely available in 
closed form, particularly in complex models with intricate 

prior-likelihood structures. As a result, a wide range of compu-
tational techniques, ranging from Laplace approximations and 
bridge sampling to recent advances such as variational inference 
and sequential Monte Carlo (MC) methods, have been devel-
oped to approximate this integral (Fourment et al. 2020). Each 
method involves trade-offs between computational efficiency, 
stability, and accuracy, making the choice of estimation strategy 
highly context-dependent.

Recently, posterior-sample–based estimators for marginal like-
lihoods have been applied across a range of scientific domains. 
For example, they have been used in item response theory to 
compare logistic models (Liu et  al.  2019) and have seen rapid 
adoption in phylogenetics for model selection and evolution-
ary inference. Early methodological reviews highlighted such 
estimators as promising posterior-sample–only approaches for 
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normalizing constant estimation (Oaks et  al.  2019), and they 
have since been incorporated into practical guidelines for phylo-
genetic software workflows (Barido-Sottani et al. 2024).

Alongside these field-specific applications, software develop-
ment has also accelerated: the R packages bridgesampling 
(Gronau et al. 2020), BayesPPD (Shen et al. 2021) and lorad 
(Milkey et al. 2023) now provide implementations of the bridge 
sampling (Meng and Wong 1996), PWK (Wang et al. 2018), and 
LoRaD (Wang et al. 2023) methods, respectively, for computing 
marginal likelihoods, further lowering the barrier for applied 
researchers to adopt these methods.

In this article, we focus primarily on the MC methods that rely 
on just two minimal assumptions: the availability of Markov 
chain Monte Carlo (MCMC) samples from the posterior and 
prior distributions, and their unnormalized kernels can be 
numerically evaluated. This restriction is motivated by both 
practical and theoretical considerations. First, these minimal 
assumptions are met in most Bayesian analyses, making such 
methods broadly applicable across a wide range of models with-
out requiring model-specific structures or additional sampling 
schemes. Second, this class of methods aligns closely with 
common practice, where posterior MCMC samples are rou-
tinely obtained from standard Bayesian software packages (e.g., 
Stan, JAGS, and NIMBLE) and the posterior kernel is readily 
accessible. Third, by restricting attention to methods that rely 
on commonly available inputs, we ensure a fair comparison 
across estimators without the confounding influence of context-
specific tuning or auxiliary model information. Finally, these 
methods are typically easier to implement and more computa-
tionally scalable, especially in high-dimensional settings where 
advanced techniques, such as path sampling or nested sampling, 
can become prohibitively complex. To this end, we include and 
compare the harmonic mean (HM; Newton and Raftery 1994), 
the inflated density ratio (IDR; Petris and Tardella  2003), the 
partitioned weighted kernel (PWK; Wang et al. 2018), and the 
lowest radial distance (LoRaD; Wang et al. 2023) methods in this 
review. Additionally, we include importance sampling (IS) due 
to its special application in the power prior setting. Specifically, 
the preceding terms in the posterior and prior kernels naturally 
serve as ideal references for the current ones, thereby enhancing 
efficiency without incurring additional computational burden 
when exploring levels of information borrowing.

This review thus complements previous reviews (Fourment 
et al. 2020; Oaks et al. 2019), which covered a much wider array 
of approaches by focusing attention on a narrow class of methods 
that require only quantities that all Bayesian statistical software 
can provide, namely a single sample from the joint posterior dis-
tribution and the log-likelihood and log-prior of each sampled 
point. The newest of these methods (i.e., Wang et al. 2023) was 
not available to previous reviewers.

The remainder of the paper is organized as follows: In Section 2, 
we present the general setting of computational problems, the 
detailed descriptions of Monte Carlo methods, and the formu-
lation for estimating Monte Carlo errors. Section 3.1 presents a 
detailed analysis of the lead-exposed children (TLC) trial data 
to assess ordered-variance patterns. Section 3.2 presents an im-
portant application in quantifying the degree of information 

borrowing within the power prior framework for the bench-
mark dose (BMD) data set. In these two case studies, the meth-
ods discussed in Section  2.2 are implemented and compared. 
Brief discussion is provided in Section 4.

2   |   Monte Carlo Methods

2.1   |   The General Setting

We consider a general setting for estimating a ratio of two nor-
malizing constants. Let � =

(
�1, �2, … , �p

)� denote a vector of 
parameters of interest. Assume that q0(�) is an unnormalized 
proper prior kernel up to a constant c0 and q1(�) is an unnormal-
ized proper posterior kernel up to a constant c1 so that

We are interested in estimating a ratio of two normalizing con-
stants as follows:

Suppose that D denotes the current data set of interest and 
L(�|D) is the likelihood function. Taking q1(�) = L(�|D)q0(�), 
(2) reduces to the marginal likelihood given by

We further assume that a MCMC sample of size T1, 
{
�11, … ,�1T1

}
, 

and another MCMC sample of size T0, 
{
�01, … ,�0T0

}
, from the 

posterior, which is proportional to q1(�), and the prior, which 
is proportional to q0(�), are readily available. In the subsequent 
subsection, our review focuses primarily on Monte Carlo meth-
ods that can be implemented only using one or both of these two 
MCMC samples from the posterior and prior distributions and 
under the additional assumption that q1(�) and q0(�) can be eval-
uated numerically.

2.2   |   The Existing Methods

2.2.1   |   Importance Sampling

Using the MCMC sample, 
{
�01, … ,�0T0

)
, from the prior, the IS 

method is readily applied to estimate R in (2) or m(D) in (3) as 
follows:

when q1(�) = L(�|D)q0(�), R̂IS reduces to an estimate of m(D) 
given by

(1)c0 = ∫ q0(�)d� < ∞and c1 = ∫ q1(�)d� < ∞

(2)R =
c1
c0

(3)m(D) =
c1
c0

=
∫ L(�|D)q0(�)d�

∫ q0(�)d�

(4)R̂IS =
1

T0

T0∑
t = 1

q1
(
�0t

)

q0
(
�0t

)

(5)m̂IS(D) =
1

T0

T0∑
t = 1

L
(
�0t|D

)
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We note that Newton and Raftery (1994) discussed the IS es-
timate in (5) of the marginal likelihood. It is easy to show that 
R̂IS is a consistent estimator of R and m̂IS(D) is a consistent esti-
mator of m(D) as T0 → ∞ under some ergodic conditions.

2.2.2   |   The Harmonic Mean (HM) Method

Similarly to the IS method, the harmonic mean (HM) method 
uses only the MCMC sample, 

{
�11, … ,�1T1

)
, from the posterior. 

The form of the HM estimate of R is given by

when q1(�) = L(�|D)q0(�), R̂HM reduces to an estimate of m(D) 
given by

Following Newton and Raftery (1994), we can show that (i) R̂HM 
is a consistent estimator of R and (ii) m̂HM(D) is a consistent es-
timator of m(D) as T1 → ∞ under some ergodic conditions. As 
noted in Xie et  al.  (2011), the HM estimator does not guaran-
tee a finite variance and tends to overestimate the marginal 
likelihood.

2.2.3   |   The Inflated Density Ratio (IDR) Estimator

Unlike IS and HM, the IDR method estimates either c1 
from posterior draws 

{
�11, … ,�1T1

}
 or c0 from prior draws {

�01, … ,�0T0
}
 separately. For clarity, we present the formula-

tion for c1, while the estimation of c0 follows the same principle 
with prior samples. Let �mode denote the mode of q1(�). Petris 
and Tardella  (2003) proposed the IDR estimator with a per-
turbed posterior density.

and of the form

where r is the pre-specified radius, w(�)=
(
�−�mode

)
(
1−rp∕‖‖�−�mode

‖‖p
)1∕p, and br is the volume of the ball 

∫‖�−�mode‖≤rd� = �p∕2rp ∕Γ(p∕2 + 1). The form of the IDR esti-
mate of R is given by

where ĉ0,IDR is defined analogously using prior samples {
�01, … ,�0T0

}
 and the perturbed prior density. When the prior 

is proper, R̂IDR reduces to an estimate of m(D) given by

Note that (8) is valid due to

As noted in Wang et al. (2018), although the IDR estimator en-
joys the property of finite variance under some mild conditions, 
it can be sensitive to the choice of radius and mode specification. 
Additionally, to improve IDR performance, Wang et al.  (2018) 
suggested working with the standardized MCMC sample in-
stead of the one on the original scale.

2.2.4   |   The Partitioned Weighted Kernel 
(PWK) Method

Motivated by Newton and Raftery  (1994) and Petris and 
Tardella  (2003), Wang et  al.  (2018) proposed the partition 
weighted kernel (PWK) estimator, which is constructed from 
posterior draws based on a new identity over a working parame-
ter space � (a subset of the full parameter space):

where h1(�) =
K∑

k= 1

q1
�
�∗
1k

�
1
�
� ∈ A1k

�
 is a step function, 

Δ1 = ∫ h1(�)d�, 
{
A1k : k = 1, 2, … ,K

}
 denotes a partition of �, 

and q1
(
�∗
1k

)
 the representative point for each subset A1k (e.g., the 

average kernel value of the MCMC samples in A1k). Accordingly, 

Δ1 has the closed form 
K∑

k= 1

q1
�
�∗
1k

�
V
�
A1k

�
, and the PWK estima-

tor is of the form.

The form of the PWK estimate of R is given by

where ĉ0,PWK can be obtained analogously to (12). When the 
prior is proper, (13) reduces to the marginal likelihood. Under 
certain ergodic conditions, (12) has been proven to be consis-
tent for 1∕c1 and to have finite variance. Moreover, the optimal 
result can be theoretically achieved by continuously increasing 
the number of partitions K, thereby ensuring greater homoge-
neity of q1(�) over each region A1k. To facilitate the partitioning 

(6)R̂HM =

[
1

T1

T1∑
t=1

q0
(
�1t

)

q1
(
�1t

)
]−1

(7)m̂HM(D) =

[
1

T1

T1∑
t=1

1

L
(
�1t|D

)
]−1

q1r(�) =

�
q1
�
�mode

�
, if [t]‖�−�mode‖≤ r

q1(w(�)), otherwise

(8)
ĉ1,IDR=

q1
�
�mode

�
br

1

T1

T1∑
t=1

q1r(�1t)
q1(�1t)

−1

(9)R̂IDR =
ĉ1,IDR

ĉ0,IDR
,

(10)
m̂IDR(D) =

q1
�
�mode

�
br

1

T1

T1∑
t = 1

q1r(�1t)
q1(�1t)

− 1

(11)

� q1r(�)d�= �
‖�−�mode‖≤r

q1r(�)d�+ �
‖�−�mode‖>r

q1r(�)d�

= q1
�
�mode

�
br +c1

Δ1

c1
=∫

�

h1(�)

q1(�)

q1(�)

c1
d�

(12)1

ĉ1,PWK

=

1

T1

T1∑
t=1

K∑
k=1

q1(�∗1k)
q1(�1t)

1
�
�1t ∈A1k

�

K∑
k=1

q1
�
�∗
1k

�
V
�
A1k

�

(13)R̂PWK =
ĉ1,PWK

ĉ0,PWK
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procedure and evaluation of the corresponding Δ1, Wang 
et al.  (2018) proposed the partitioning ring and slice approach 
and demonstrated its effectiveness in several challenging prob-
lems in the literature. It is worth mentioning that a recently 
developed method, the Truncated HArmonic Mean EStimator 
(THAMES), by Metodiev et al. (2025), is simply a special case of 
(12) when specifying K = 1 and q1

(
�∗
1k

)
= 1.

2.2.5   |   The Lowest Radial Distance (LoRaD) Method

While PWK has appealing properties, its use in high dimensions 
is hindered by sparsity and the difficulty of identifying represen-
tative points, leading Wang et al. (2023) to propose the LoRaD 
method:

where �̃1t = �
−1∕2
0

(
�1t − �0

)
 is the standardization of �1t based 

on posterior means �0 and covariance matrix �0, the reference 
density.

is the standard multivariate normal distribution, and Γ(s, x) 
is the upper incomplete gamma function, which is defined as 
Γ(s, x) = ∫ ∞

x
ts−1e−tdt. Similarly, ĉ0,LoRaD can be obtained as 

in (14). The ratio, ĉ1,LoRaD ∕ ĉ0,LoRaD, reduces to the marginal 

likelihood when the prior is proper. Through standardization, 
the posterior distribution can be approximated by a standard 
multivariate normal distribution, enabling the estimator to 
construct an effective reference density, particularly in high-
dimensional settings.

Table 1 summarizes the main practical features of the marginal 
likelihood estimators considered here, in terms of stability, 
computational efficiency, and dimensional scalability. LoRaD 
achieves a more favorable balance between stability and effi-
ciency, combining good stability with reduced computing time 
relative to PWK and IDR.

2.3   |   Monte Carlo Error Estimation

The Overlapping Batch Statistics (OBS) method (Schmeiser 
et al. 1990) is used to obtain an estimated Monte Carlo standard 
error (eMCSE), which is given by

where �̂b denotes the estimate of the normalizing con-
stant (in log scale) obtained from the b-th batch {
�t : t = b, b + 1, … , b + B − 1

}
 with B < T, T is the total MCMC 

sample size, and �⃐𝜂 = 1

T −B+ 1

T −B+ 1∑
b= 1

�𝜂b is the average of the batch 

estimates. Here, � can be defined as � = log c1 when estimat-
ing the posterior normalizing constant, or as � = log c1 − log c0 
when estimating their ratio. Assuming that the posterior 

(14)

1

ĉ1,LoRaD
=

1

T1

T1∑
t=1

q̃1

�
�̃1t

�

q1(�1t)∣�
1∕2
0

∣
1
�
‖�̃1t‖≤ r

�

∫‖�̃‖≤r q̃1
�
�̃
�
d�̃

=

1

T1

T1∑
t=1

q̃1

�
�̃1t

�

q1(�1t)∣�
1∕2
0

∣
1
�
‖�̃1t‖≤ r

�

�
1−Γ

�
p∕2, r2∕2

��
∕Γ(p∕2)

q̃1

(
�̃1t

)
= (2�)−p∕2 exp

(
− �̃

�

1t �̃1t ∕2
)

(15)

eMCSE
�
�𝜂
�
=

�
�Var

�
�𝜂
�
=

⎧
⎪⎪⎨⎪⎪⎩

�
B

T−B

�
T−B+1∑
b=1

�
�𝜂b− �⃐𝜂

�2

T−B+1

⎫⎪⎪⎬⎪⎪⎭

1

2

TABLE 1    |    Comparison of marginal likelihood estimation methods.

Method Stability and property Computational efficiency Dimensional scalability

IS The variance of R̂IS in (4) is 
small if q0(�) in (4) is a good 

proposal density of q1(�).

Requires less than 1% 
of the PWK time.

Performance decreases as dimensionality 
increases; performance largely depends 
on how well q0(�) approximates q1(�).

HM The estimator in (6) can have 
a large variance when q1(�) 
has a lighter tail than q0(�).

Similar computing time as 
IS; both require less than 

1% of the PWK time.

Scales badly in higher dimensions; 
instability becomes more severe.

IDR Uses a bounded ratio q1r(�)∕q1(�) 
in (8), so the estimator typically 

has finite variance.

Requires about three 
times the PWK time.

Monte Carlo error in (8) increases with 
dimension due to the shrinking volume 

of the perturbed region and finding 
the mode is not dimension-scalable.

PWK Compared with all other 
reviewed methods, PWK is 

uniquely black-boxable.

Used as the reference baseline 
(100% computing time).

It is dimension-scalable. Constructing an 
optimal working parameter space remains 

difficult in the high dimensional case.

LoRaD Excellent stability when local 
normality is achieved.

Reduces computing 
time by about 45%–50% 
compared with PWK.

Highly dimension-scalable.

Note: Relative computing times are based on the ECOG data application.
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and prior samples are generated independently, it follows 

that eMCSE
(
�̂
)
=

√
V̂ar

(
�̂
)
=

√
̂

Var
(
l̂og c1

)
+

̂
Var

(
l̂og c0

)
.

3   |   Case Studies

3.1   |   Analysis of TLC Data

In this section, we show how to calculate the marginal likeli-
hood from MCMC samples using the methods outlined in the 
previous section. We consider a two-group setting in which re-
peated outcomes are observed for each subject. Data come from 
the Treatment of Lead-Exposed Children (TLC) trial (Rogan 
et  al.  2000), where 100 children were randomized equally to 
placebo or succimer (n1 = n2 = 50). Let yij denote the three-
dimensional vector of change-from-baseline blood lead levels at 
weeks 1, 4, and 6 for subject j in group i. Suppose

with �i =
(
�i1,�i2,�i3

)� denoting the mean vector and Σi a 
positive-definite covariance matrix. Let (�,�) denote the collec-
tion 

{(
�i,Σi

)
: i = 1, 2

}
. We compare two models using marginal 

likelihood: (i) an unconstrained model 0 and (ii) a model 1 that 
satisfies an ordered-variance constraint, with parameter spaces

and

where Σi ≻ 0 denotes that Σi is positive definite and Σi,11,Σi,22,Σi,33 
denotes the diagonal elements. As shown in Table 2, both groups 
exhibit an ordered diagonal variance pattern.

Let D denote the observed data. The likelihood function for 1 
is given by

The prior is specified as a Normal–Inverse–Wishart distribution 
restricted to the constrained parameter space, given by

where �0i, �0i, �01 and Ψ0i for i = 1, 2 are the hyperparameters. 
Transformations are applied to map the parameters to an un-
constrained space. For 1, we apply the decomposition of the 
covariance matrix.

where Λi = diag
(
�i,1, … , �i,3

)
, �i,l are the standard deviations, 

and i is the correlation matrix. The log transformation

The LKJ transformation (Lewandowski et al. 2009) allows one 
to express the entries of the correlation matrix �i,jk in terms of 
partial correlations �i,jk. The Fisher transformation

and the ordered transformation

For 0, we apply the Cholesky decomposition.

where Li is a lower-triangular matrix with positive diagonal en-
tries. The log transformation of diagonal elements.

where li,jj denotes the j-th diagonal entry of Li. Denote by � the 
vector of unconstrained parameters and write Tl(�) = (�,�) 
for the above transformation. Then the posterior kernel is 
given by

(16)yij ∼3

(
�i,Σi

)
, j = 1, … ,ni,

(17)

0 =
{(

�i,Σi
)2
i=1
: − ∞ < 𝜇ij < ∞ , j = 1, 2, 3, Σi ≻ 0

}

(18)
1={

(
�i,Σi

)2
i=1
: −∞<𝜇ij<∞, j=1, 2, 3

Σi≻0,Σi,11< ⋯ <Σi,33 for i=1, 2}

(19)
L(�,�|D)=

2∏
i=1

ni∏
j=1

||2�Σi||−
1

2

×exp
{
−
1

2

(
yij−�i

)�
Σ−1
i

(
yij−�i

)}
1
{
{�,�}∈1

}

(20)

q0(�,�)=

I∏
i=1

(
�0i

)p∕2||Ψ0i
||�0i∕2

2�0ip∕2(2�)p∕2Γ3
(
�0i∕2

) ||Σi||−(�0i+p+2)∕2

×exp
{
−
1

2
tr
(
Ψ0iΣ

−1
i

)
−
�0i
2

(
�i−�0i

)�
Σ−1
i

(
�i−�0i

)}
1
{
�,�∈1

}

(21)Σi = ΛiiΛi

(22)�̃i,l = log
(
�i,l

)
, l = 1, … , 3

(23)�̃i,jk =
1

2
log

(
1 + �i,jk

1 − �i,jk

)

(24)

�i1 = �̃i,1 = log
(
�i,11

)
, �̃i,k = �̃i,k−1 + exp

(
�ik

)
, k = 2, 3

(25)Σi = LiL
⊤
i

(26)l̃i,kk = log
(
li,kk

)
, k = 1, … , 3

TABLE 2    |    Covariance and mean of data.

2–4 (lr)5–7 statistics

Placebo Succimer

Week 1 Week 4 Week 6 Week 1 Week 4 Week 6

Covariance 9.57 5.27 4.46 53.15 38.64 22.72

5.27 9.82 7.78 38.64 56.59 20.11

4.46 7.78 14.21 22.72 20.11 64.73

Mean −1.61 −2.20 −2.63 −13.02 −11.03 −5.78
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6 of 12 Wiley Interdisciplinary Reviews: Computational Statistics, 2026

The marginal likelihood for 1 is given by

The marginal likelihood of 0 can be expressed in closed 
form as

where Ψni = Ψ0i +
ni∑
j= 1

�
yij − �⃐yi

��
yij− �⃐yi

��
+

ni𝜅0i
ni +𝜅0i

�
�⃐yi − �0i

��
�⃐yi−�0i

��.  
The marginal likelihood m

(
D|0

)
 provides a reference value 

against which the performance of different estimation meth-
ods can be evaluated. We obtain 20,000 posterior MCMC sam-
ples via Stan (Carpenter et al. 2017) for both models under the 
prior hyperparameters �0i = (0, 0, 0)�, �0i = 0.01, �0i = 7, and 
Ψ0i = 10I3 for i = 1, 2. Stan sampling was performed with four 
chains. For the posterior, each chain used 1000 warmup itera-
tions followed by 5000 post-warmup iterations, yielding a total 
of 20,000 posterior draws. For the prior, each chain used 10,000 
warmup iterations followed by 5000 post-warmup iterations, 
also yielding 20,000 prior draws. Figures 1 and 2 present trace 
plots and autocorrelation (ACF) plots for diagonal elements, 
�11, �12, �13, �21, �22, and �23 in (24), for both groups. The effective 

sample sizes (ESS) for these parameters were computed using 
the effectiveSize function from the coda package. These 
diagnostics confirm good mixing behavior across the selected 
parameters.

Under this setting, the normalizing constant for the ordered di-
agonal variance constraint can be determined.

This value is used consistently across all comparisons, while c1,1
 

is estimated using posterior samples. The eMCSE is obtained 
using (15). We set the batch size to B = 2000 for methods that 
do not require a training sample, and to B = 1000 for methods 
that require training, where an additional 10,000 samples are 
reserved exclusively for training purposes. Under this structure, 
HM directly estimates the marginal likelihood without requir-
ing a proper prior. Methods (PWK, LoRaD) that require a work-
ing parameter space use an estimate based on the radius derived 
from the standardized unconstrained parameters of the MCMC 
samples. Specifically, the radius is determined from the quantile 
of the MCMC draws: for example, a 10% setting corresponds to 
defining rmax as the distance from the training sample's mode 
(r = 0) to the 10th percentile of the MCMC sample distribution. 
The working space (or truncated subset) is then defined within 
the range r ∈

[
0, rmax

]
. For IDR, the in-sample mode is used to 

maintain a reasonable q(0). Table 3 shows the estimates and the 
corresponding eMCSEs. The subscripts indicate parameter set-
tings. For example, IDR10 and IDR20 denote IDR with 10% and 
20%, respectively. PWK10,100 denotes PWK with radius defined 
by the 10% quantile and partition number K = 100. LoRaD20 de-
notes LoRaD with radius defined by the 20% quantile.

(27)q1
(
�|l

)
= L(�,�|D)q0

(
�,�|l

)||||
�(�,�)

���

||||

(28)m
(
D|1

)
=
c1,1

c0,1

=
∫ q1

(
�|1

)
d�

∫ q0
(
�|1

)
d�

(29)

m
(
D|0

)
=

2∏
i= 1

�−
3ni
2

(
�0i

�0i+ni

) 3

2 ||Ψ0i
||
�0i
2

||Ψni
||
�0i+ni

2

Γ3

(
�0i +ni

2

)

Γ3

(
�0i
2

)

(30)ĉ0,1
=
(
1

3!

)2

FIGURE 1    |    Trace plots for six representative parameters from the TLC application.
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The HM estimator tends to overestimate marginal likelihoods, 
as the prior is relatively flat compared with the posterior. IDR, 
PWK, and LoRaD yield numerically similar estimates. All three 
methods favor 1 as providing a better fit to the data, while HM 
yields the opposite conclusion.

3.2   |   Analysis of ECOG Data

In this subsection, we revisit the example of a power prior 
application presented in Wang et  al.  (2018), and conduct 

comprehensive comparisons of the methods reviewed in 
Section  2.2. To ensure fairness, all methods are restricted 
to using the same 21 MCMC samples (each of size 10,000 
for every power-posterior and power-prior kernel) originally 
generated for the PWK calculation in Wang et al. (2018). We 
also include the IS method in our analysis, given its natural 
suitability for the power prior setting. This method does not 
require additional MCMC sampling but offers a more efficient 
alternative to determine the degree of information borrowing 
when complete exclusion of borrowing is not an option.

The motivating data arise from two clinical trials (E1684 and 
E1690) conducted by the Eastern Cooperative Oncology Group 
(ECOG) to evaluate the effectiveness of Interferon Alpha-2b 
(IFN) as an immunotherapy for melanoma patients. Trial E1684 
is a phase III study with n0 = 286 patients randomized to high-
dose IFN or placebo. It was found that the IFN arm demon-
strated a significantly better survival curve compared to the 
placebo group. To further assess IFN efficacy and explore po-
tential benefits of a lower dosage, ECOG initiated a subsequent 
trial, E1690, which included three arms: high-dose IFN, low-
dose IFN, and placebo. Given the chronological order and com-
parability of these trials, we treat E1684 as the historical data 
set to inform the subsequent trial E1690 within the power prior 
framework, and restrict our analysis to the high-dose IFN and 
placebo arms, which results in n = 427 patients in this subset.

For the i-th patient, let yi denote the relapse-free survival time, �i 
the censoring indicator (1 if yi is an event time, 0 otherwise), and 
x i =

(
1, trti

)� the covariate vector, where trti = 1 if the patient re-
ceived high-dose IFN, and 0 otherwise. Let D = {n, y, �,X} and 
D0 =

{
n0, y0, �0,X 0

}
 represent the current data and the historical 

FIGURE 2    |    Autocorrelation (ACF) plots for the six representative parameters from the TLC application.

TABLE 3    |    Estimates in log scale with eMCSE for different methods.

log m̂
(
D|1

)
log m̂

(
D|0

)

True value — −936.297

HM −883.329 (0.749) −880.656 (0.431)

IDR10 −933.907 (0.143) −936.283 (0.107)

IDR20 −934.203 (0.168) −936.171 (0.068)

PWK10,100 −934.112 (0.205) −936.322 (0.068)

PWK20,100 −934.109 (0.199) −936.240 (0.048)

PWK10,50 −934.104 (0.208) −936.322 (0.070)

PWK20,50 −934.121 (0.196) −936.237 (0.049)

LoRaD20 −934.133 (0.017) −936.226 (0.011)

Note: The subscripts indicate parameter settings. For example, IDR10 and IDR20 
denote IDR with 10% and 20%, respectively. PWK10,100 denotes PWK with radius 
defined by the 10% quantile and partition number K = 100. LoRaD20 denotes 
LoRaD with radius defined by the 20% quantile.
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data, respectively. Following the same piecewise exponential 
model of Chen et al. (1999), the likelihood for the current data is

with F(y� �) = 1 − exp

�
− exp

�
�j
��
y − sj−1

�
−

j− 1∑
g= 1

exp
�
�g
��
sg − sg−1

�� 

and f (y| �) = dF(y|�)
dy

, where sj−1 ≤ y < sj, 
(
s0, s1, s2, s3, s4, s5

)
=   

(0, 0.241, 0.479, 0.887, 1.704, ∞ ), and � =
(
��, ��

)
=
(
�0, �1, �1, … , �5

)�.

Let L
(
�|D0

)
 denote the likelihood for the historical data, which 

shares the same functional form as L(�|D), differing only in 
the data inputs. The power prior (Chen et al. 2025; Ibrahim and 
Chen 2000; Ibrahim et al. 2015) is then defined as

where 0 ≤ a0 ≤ 1, �0(�) is a proper initial prior, which is 
specified as �0, �1

i.i.d.
∼ N(0, 100) and �1, … , �5

i.i.d.
∼ �0(�)=

1

100
exp

{
−

1

100
exp(�)

}
exp(�), where − ∞ < 𝜉 < ∞, and c0

(
a0
)
 is 

the prior normalizing constant. Using (32), the posterior density 
is given by

where c1
(
a0
)
 is the posterior normalizing constant. Consequently, 

the marginal likelihood is defined as

We consider 11 values of a0, denoted by a0,� = �∕10, for  
� = 0, 1, … , 10. We are interested in determining which 
a0,� results in the largest value of m

(
D|D0, a0

)
 using 

11 independent MCMC samples of size T1 = 10, 000, {
�
(�)

1t
, t = 1, … ,T1

}
, from the posterior �

(
�|D,D0, a0,�

)
 in (33) 

for � = 0, 1, … , 10 and 10 additional independent MCMC sam-
ples of size T0 = 10, 000, 

{
�
(�)

0t
, t = 1, … ,T0

}
, from the prior 

�
(
�|D0, a0,�

)
 in (32) for � = 1, 2, … , 10. We apply the methods 

discussed in Section 2.2 to carry out the computations. Figures 3 
and 4 display trace plots and autocorrelation (ACF) plots for all 
the seven parameters in the ECOG application, corresponding to 
� =

(
��, ��

)
=
(
�0, �1, �1, … , �5

)�, shown in this order from left to 
right and top to bottom. The effective sample sizes (ESS) for these 
parameters were computed using the effectiveSize function 
from the coda package.

For the IS method, we cannot calculate m
(
D|D0, a0,1

)
∕  

m
(
D|D0, a0 = 0

)
 as no MCMC samples are available from the 

prior �
(
�|D0, a0,0

)
. Observe that for � = 2, 3, … , 10,

(31)

L(�|D)=
n∏
i=1

{
exp

(
x�i�

)
f (yi| �)

}�i exp
{
−exp

(
x�i�

)
F(yi| �)

}

(32)�
(
�|D0, a0

)
=

L
(
�|D0

)a0�0(�)
∫ L

(
�|D0

)a0�0(�)d�
=
q0
(
�, a0

)

c0
(
a0
)

(33)

�
(
�|D,D0, a0

)
=

L(�|D)L(�|D0

)a0�0(�)
∫ L(�|D)L(�|D0

)a0�0(�)d�
=
q1
(
�, a0

)

c1
(
a0
)

(34)

m
(
D|D0, a0

)
= ∫ L(�|D)

{
L
(
�|D0

)a0�0(�)
c0
(
a0
)

}
d� =

c1
(
a0
)

c0
(
a0
)

(35)

Rm,�,�−1=
m
(
D|D0, a0,�

)

m
(
D|D0, a0,�−1

) = c1
(
a0,�

)

c1
(
a0,�−1

) ×
(

c0
(
a0,�

)

c0
(
a0,�−1

)
)−1

FIGURE 3    |    Trace plots for all seven parameters in the ECOG application.
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and

For estimating R1,�,�−1 in (36), using 
{
�
(�−1)
1t

, t = 1, … ,T1

}
 

and (4) with q0(�) = L(�|D)L(�|D0

)a0,�−1�0(�) and 
q1(�) = L(�|D)L(�|D0

)a0,��0(�), an IS estimate of R1,�,�−1 is 
given by

Similarly, an IS estimate of R0,�,�−1 is obtained as

Consequently, an IS estimate of Rm,�,�−1 is given by

If the largest marginal likelihood value is not m
(
D|D0, a0,0

)
 

and R̂m,�,�−1,IS is a strictly decreasing function of 
�, the largest value of m

(
D|D0, a0,�

)
 is obtained at �∗ when 

�
∗ > 1, log

[
�Rm,�∗ ,�∗−1,IS

]
> 0, and log

[
�Rm,�∗+1,�∗ ,IS

]
< 0 or at 

�
∗ = 1 when log

[
�Rm,2,1,IS

]
< 0.

For the HM method, directly using 
{
�
(�)

1t
, t = 1, … ,T1

}
, an esti-

mate of m
(
D|D0, a0,�

)
 is given by

for � = 0, 1, … , 10. For the IDR, PWK, and LoRaD meth-
ods, we need to use all 21 MCMC samples to estimate c1

(
a0,�

)
 

for � = 0, 1, … , 10 and c0
(
a0,�

)
 for � = 1, … , 10. Note that 

c0
(
a0 = 0

)
= 1 as �0(�) is a normalized proper initial prior. For 

these methods, we use the first 50% of the MCMC sample as the 
training set and the remaining 50% of the MCMC sample to esti-
mate these normalization constants.

We summarize all results in Table 4, including the eMCSEs com-
puted by (15). Some comments are warranted. First, rather than 
estimating the marginal likelihood in each a0, the IS method pro-
vides Bayes factor estimates relative to the preceding term in the 
sequence of a0. As a result, it greatly benefits from the similarity 
between serial kernels and yields small eMCSEs. Second, when 
information borrowing is required, IS exhibits monotone results 
with respect to the degree of information borrowing. Third, al-
though IS cannot obviate the no-borrowing case, this option has 
already been excluded by the other competing methods considered 
here. Fourth, in terms of eMCSE in marginal likelihood estima-
tion, PWK and LoRaD provide comparable results, both producing 
smaller eMCSEs than HM and IDR. Finally, IS, PWK, and LoRaD 

(36)

R1,�,�−1 =
c1
(
a0,�

)

c1
(
a0,�−1

) =
∫ L(�|D)L(�|D0

)a0,��0(�)d�
∫ L(�|D)L(�|D0

)a0,�−1�0(�)d�

(37)R0,�,�−1 =
c0
(
a0,�

)

c0
(
a0,�−1

) =
∫ L

(
�|D0

)a0,��0(�)d�
∫ L

(
�|D0

)a0,�−1�0(�)d�

(38)R̂1,�,�−1,IS =
1

T1

T1∑
t = 1

L
(
�
(�−1)
1t

|D0

)a0,�−a0,�−1

(39)R̂0,�,�−1,IS =
1

T0

T0∑
t = 1

L
(
�
(�−1)
0t

|D0

)a0,�−a0,�−1

R̂m,�,�−1,IS = R̂1,�,�−1,IS ∕ R̂0,�,�−1,IS

m̂HM

�
D�D0, a0,�

�
=

1

1

T1

T1∑
t = 1

L
�
�
(�)

1t
�D

�−1

FIGURE 4    |    Autocorrelation (ACF) plots for all seven parameters in the ECOG application.
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identify a0 = 0.6 as the optimal degree of information borrowing, 
while HM and IDR favor a0 = 0.3 and 0.4, respectively, although 
their corresponding estimates exhibit substantial differences. All 
computations in the analysis of the ECOG data were performed 
on a laptop equipped with a 12th Gen Intel(R) Core(TM) i7 pro-
cessor and 16 GB RAM, running Windows 11. For each method, 
we record the total computing time required to evaluate the 
marginal likelihood in all values of a0 ∈ {0, 0.1, … , 1}. The re-
ported times include the evaluation of both components c1

(
a0
)
 

and c0
(
a0
)
, as well as the calculation of the marginal likelihood 

logm = log c1 − log c0 and its associated Monte Carlo standard 
error obtained using the OBS method. Overall, the IDR estimator 
required a total of 1087.69 s, the PWK estimator required 755.78 s, 
and the LoRaD estimator required 499.92 s.

For LoRaD, we define the cutoff rmax via a coverage fraction � 
as in Wang et al.  (2023) and treat � as a tuning parameter. In 
our numerical experiments, coverage fractions such as � = 0.10 
and � = 0.20 produced very similar log marginal likelihood 
estimates, with differences well within the estimated MCSE, 
indicating that the method is not overly sensitive to moderate 
changes in �. To provide a simple and reproducible default for 
practitioners, we therefore report results using � = 0.20 (i.e., 
using the 20% smallest radial distances to define rmax), while 
noting that in more demanding applications � can be tuned 
using the OBS MCSE strategy of Wang et al. (2023).

In the absence of a universal rule for choosing a reference or 
cutoff, for the TLC data, we report IDR and PWK estimates 
using coverage fractions of 10% and 20% for comparison. For the 
ECOG data, we follow Wang et al. (2018) and set the cutoff using 
the reference value 

√
�2
7,0.95

. By analogy with the LoRaD imple-
mentation of Wang et al. (2023), practitioners can treat the cov-
erage fraction or cutoff as a tuning parameter and prefer choices 

for which the log marginal likelihood estimates are stable and 
the associated MCSE is small.

4   |   Discussion

We review Monte Carlo-based estimators that can be imple-
mented using only one or both of two MCMC samples (drawn 
from the posterior and prior distribution), under the additional 
assumption that the posterior and prior kernels can be evalu-
ated numerically. Through two illustrative examples first, the 
Treatment of Lead-Exposed Children (TLC) trial under the 
ordered-variance modeling framework, and second, the bench-
mark dose (BMD) dataset under the power prior setting we em-
pirically compare different estimators. In the TLC case study, we 
model the data using a multivariate normal distribution with or 
without an ordered-variance constraint. IDR, PWK, and LoRaD, 
produce similar estimates and favor the ordered-variance model 
(1), while HM not only presents higher variability but also se-
lects the unconstrained model (0). These findings underscore 
the instability of HM in settings where priors are relatively flat 
compared with posteriors, and highlight the greater reliability 
of IDR, PWK, and LoRaD. In the BMD power prior analysis, our 
focus shifts to quantifying the degree of information borrowing. 
Beyond the four main estimators (HM, IDR, PWK, and LoRaD), 
we also develop a sequential strategy based on IS, which lever-
ages similarity between neighboring kernels rather than treat-
ing and solving each a0 individually. This serial property yields 
substantial efficiency gains, particularly when information bor-
rowing is needed. Consistent with PWK and LoRaD, IS identi-
fies a0 = 0.6 as the optimal level of borrowing, while HM and 
IDR selected smaller values (a0 = 0.3 and a0 = 0.4, respectively), 
but with greater variability and less agreement in terms of esti-
mated values.

TABLE 4    |    Log Bayes factor (log Rm,�,�−1) or log marginal likelihood (logm
(
D|D0, a0,�

)
) estimates with eMCSEs (in parentheses) for different 

methods.

3–3 (lr)4–7 � a0,�

log R̂m,�,�−1 log m̂
(
D|D0,a0,�

)

IS HM IDR PWK LoRaD20

0 0.0 — −522.937 (0.484) −556.958 (0.668) −552.667 (0.031) −552.553 (0.030)

1 0.1 — −521.429 (0.405) −520.653 (1.167) −523.660 (0.067) −523.552 (0.052)

2 0.2 1.641 (0.026) −522.298 (0.489) −519.555 (0.867) −522.131 (0.058) −522.332 (0.067)

3 0.3 0.623 (0.011) −521.365 (0.278) −519.918 (0.618) −521.483 (0.063) −521.795 (0.044)

4 0.4 0.247 (0.006) −522.869 (0.482) −515.430 (2.113) −521.356 (0.061) −521.690 (0.060)

5 0.5 0.099 (0.005) −522.180 (0.317) −517.717 (0.912) −521.172 (0.101) −521.966 (0.042)

6 0.6 0.029 (0.006) −523.850 (0.525) −520.102 (0.722) −521.170 (0.058) −521.655 (0.054)

7 0.7 −0.016 (0.005) −522.122 (0.259) −519.566 (0.591) −521.396 (0.071) −522.499 (0.049)

8 0.8 −0.045 (0.005) −524.930 (0.573) −519.766 (1.253) −521.563 (0.109) −522.126 (0.058)

9 0.9 −0.053 (0.004) −524.355 (0.411) −523.188 (1.193) −521.643 (0.062) −521.887 (0.047)

10 1.0 −0.052 (0.004) −523.905 (0.168) −520.955 (0.770) −521.761 (0.075) −522.026 (0.053)

Note: HM, IDR, PWK, and LoRaD estimate the log marginal likelihood, while IS reports log Bayes factor estimates. The radius r =
√

�2
7,0.95

 is the square-root of the 
95th percentile of the Chi-square distribution with p = dim (�) = 7 degrees of freedom, which is derived by computing the norm of p independent standard normal 
distributions. PWK additionally employs K = 100 spherical shells.
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Variational inference (VI) has also been used for approximate 
Bayesian model selection. One line of work uses the evidence 
lower bound (ELBO) or variational free energy as a surrogate 
model score, ranking models by this quantity (see, e.g., Chérief-
Abdellatif and Alquier (2018), Zhang and Yang (2024)). A second 
line combines VI with importance sampling, using the fitted 
variational posterior as a proposal distribution to obtain fast 
but approximate estimates of marginal likelihoods (Gunapati 
et al. 2022). Although such VI-based procedures can be orders 
of magnitude faster than MCMC or nested sampling, they intro-
duce additional approximation bias, and their accuracy depends 
on how well the chosen variational family captures the true pos-
terior. In contrast, the estimators reviewed here assume access 
to posterior samples and target the true marginal likelihood and 
are therefore best viewed as complementary to, rather than com-
peting with, variational inference based methods.

Mixture model selection presents additional challenges due to 
multimodality. As long as the mode with the highest posterior 
density is identified, IDR, PWK, and LoRaD will be generally 
applicable given that a good posterior MCMC sample from the 
mixture model is readily available. Wang et  al.  (2018) empiri-
cally demonstrated that PWK works well through a simulation 
study involving a mixture model.

In summary, HM generally does not work well since the poste-
rior usually has a lighter tail than the prior as noted in Table 1. 
HM is recommended when an informative prior is specified. 
IDR can be efficient if we can find the mode, and recent work 
shows that its efficiency deteriorates as the dimension increases 
(Oaks et al. 2019; Wang et al. 2020). IS is attractive when a good 
proposal distribution can be constructed. Similarly, generalized 
harmonic mean (GHM) type estimators rely on carefully cho-
sen proposal distributions. In contrast, both the PWK estima-
tor and LoRaD are particularly appealing when good proposal 
distributions are not readily available. In particular, PWK is 
black-boxable and LoRaD can be efficient if local normality is 
achieved.
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